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Abstract  
Robotic applications are commonly used in industrial automation systems. Such systems are often 
comprised of a series of equipment, including robotic arms, conveyors, a workspace, and fixtures. 
While each piece of equipment may be calibrated with the highest precision, their alignment in 
relation to each other is an important issue in defining the accuracy of the system.  Currently, a variety 
of complex automated and manual methods are used to align a robotic arm to a workspace. These 
methods often use either expensive equipment or are slow and skill-dependent. 
This paper presents a novel low-cost method for aligning an industrial robot to its workcell at 6 degrees 
of freedom (DoF). The solution is new, simple and easy to use and intended for the SMEs dealing with 
low volume, high complexity automated systems. The proposed method uses three dial indicators 
mounted to a robot end effector and a fixed measurement cube, positioned on a workcell. The robot 
is pre-programmed for a procedure around the cube. The changes on the dial indicators are used to 
calculate the misalignment between the robot and the workcell. Despite simplicity of the design, the 
solution is supported with complex real-time mathematical calculations and proven to identify and 
eliminate misalignment up to 3mm and 5 degrees to an accuracy of 0.003mm and 0.002 degrees: 
much higher than the precision required for a conventional industrial robot.  
In this article, the authors describe a proposed solution, validate the computation both theoretically 
and through a laboratory test rig and simulation. 
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1. Introduction 
In recent years, robot calibration and alignment has become an increasingly important issue in the 
field of industrial robots. Robotic field of application has broadened significantly due to a growing 
number of robot assisted tasks performed in industry today. The use of robot manipulators has 
changed many industries such as the automotive industry, increasing the cost effectiveness and 
efficiency of production lines. 
In the majority of industrial applications, the programming of a robot manipulator is done using 
manual Teach-In programming, or off-line programming. The programming methods have advanced 
significantly from simply using pendent, to the current offline methods [1]. Nonetheless, it is a tedious 
and slow process and relies heavily on the operator’s skills, with the level of accuracy varying between 
different operators.  However, along with the evolution of 3D CAD and solid-modelling software, the 
advent of off-line programming methods has since eliminated many of the issues with manual 
programming method with, in many cases, time-savings of up to 85% [2], [3]. 
Regardless of the method of programming used, the lack of accuracy in the geometrical positioning of 
a robot manipulator in relation to the other components of the automation system such as 
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workpieces, conveyors, fixtures and other manipulators is a critical step in configuring a robotic 
system. This is where robot alignment techniques become necessary. 
Traditionally, robots are calibrated based on manufacturers’ instructions and special purpose devices. 
But the accurate co-ordination of a robot in relation with a system is typically measured manually, 
using pointed objects and skilled labours, or using measurement devices such as laser trackers [4]. 
Clearly this configuration measurement has profound impact on the final precision of the system.  
The manual alignment method is typically low-cost with a skill-dependent level of accuracy and is 
suitable for a limited number of robots. On the other hand, precision measurement devices offer 
ultimate accuracy; but could be highly expensive, are appropriate for only large numbers of alignment 
processes and at a very high cost. 
In this article, the authors report design and development of a low-cost alignment method of a 
sufficient precision to fully align industrial robotic arms’ reference coordinate with a workspace in an 
automation system. The article does not discuss the standard robot calibration processes as we 
assume that the robots used in our alignment procedure are already calibrated using a standard 
manufacturer-recommended method.  The proposed mechanism is designed for SMEs in mind with a 
limited number of robots, which perform high accuracy tasks. Therefore, the maximum cost of the 
proposed automated solution is considered to be comparable with the annual cost for the manual 
alignment operations, estimated to be around £1000. 
The novelty for the unique proposed solution includes ease and speed of use, a capability to be 
integrated into the robot control system (hence semi to full automated), high precision alignment with 
a very low investment cost. The solution provides alignment in 6 DOF within a range of 30µm, for a 
robot that is misaligned up to 3 mm in translation, and 5° in rotation. 
 
2. Prior knowledge 
At present, most techniques used to perform robot alignment process require human interaction for 
each individual robot, or have to be done under laboratory conditions through a long and cost 
intensive process. In the former case, the human tasked with aligning the robot has to align the end 
effector of the manipulator to the workpiece using the eyes. Clearly this is time/human-power 
consuming, unreliable, and inefficient. In the latter case, expensive and highly complicated 
measurement systems, such as tracking laser interferometers, which have to be operated by highly 
trained personnel, align manipulators to a far higher degree of accuracy than is necessary for the 
majority of robotic applications. Furthermore, current alignment methods necessitate robot arm 
motion. This joint movement introduces additional alignment inaccuracies due to the limited robot 
repeatability, reducing the overall accuracy of the alignment process. 
Arguably the most basic and primitive method of aligning a manipulator to a workpiece or work 
surface is to manually measure the position of the tool centre point by means of a dial gauge. By 
calculating its displacement from the desired position along three perpendicular axes, the 
translational misalignment can be corrected by inputting the adjustments necessary to re-align the 
manipulator into the robot controller. Apart from the fact that this is unreliable and time consuming, 
this method typically only determines the positional misalignment of the robot, and not the rotational 
misalignment that might be present due to an angular offset at the robot base. The rotational 
alignment may be essential for certain automated processes such as robotic welding. 
The theoretical aspect of the robot calibration process has been studied since 1990s by various 
research groups, including Kurzon [5], Kukareko [6], and later on by Zhenhua [7]. A number of 
experimental and commercial equipment are available to define the true home position of a robot, 
such as Renishaw telescoping Ballbar [8] and other methods using  various artefacts such as an Open-
/Partial-cube [9] located within the robot workspace. Typically strain-gauged used to measure the 
contact point of the robot with the artefacts. These methods facilitate calibration of the robot at its 
home position by comparing the actual position with the programmed co-ordinations. 
One common approach regarding the alignment of industrial robots is the use of theodolite 
system[10]–[12]. Theodolite triangulation systems provide real-time 3D coordinates of target points 
located on the manipulator’s end effector. Automatic tracking, focusing, and centring provide the 
alignment system with speed, reliability, and repeatability [10], [13]. Only static 3DOF measurements 
can be acquired, but the devices are portable and do not require direct contact with the robot arm. 
Attainable accuracy is dependent on numerous factors, especially geometrical configuration, but Leica 
[14], a leading supplier of theodolite systems, claims it can be up to 10μm. 
Driels and Pathre [13] demonstrate an automatic theodolite system used to align a six axis PUMA 560 
robot to a cubical work piece in the laboratory. The results of this experiment show that after 100 
observations of a target fixture, automatic theodolite alignment methods can reduce the inaccuracies 
caused by the installation misalignment by an order of magnitude. Kyle [10], [15] demonstrates the 
basic principle for determining the 3D location of any target point of interest by triangulation. 
However, it is mentioned that before the points of interest can be located by the theodolites, the 
relative position and angular attitude of the theodolites must be determined. This lengthy technical 
set up limits their applicability on the shop floor due to the possible lack of expertise. As well as this 
constraint, wide scale application of theodolite systems is hindered by the cost, which is of the order 
of £50,000 [14], which is unlikely to be within the budget of many small scale businesses. 
Leica and many other companies offer alternative solutions to the robot alignment problem in the 
form of tracking laser interferometers [16], [17]. Like theodolite triangulation systems, the most basic 
tracking laser interferometers have been developed for obtaining 3D positional information only. A 
number of retroreflectors are mounted on the manipulator end effector and automatically tracked by 
a moving laser beam. They are amid the most accurate alignment systems, and incorporate the 
advantages of very high precision, contactless measurements, and portability. Again, similar to the 
theodolite method, the most basic form of laser tracker requires at least three target retroreflectors 
to be able to indirectly determine the 6 DOF at the end effector.  
However, there exist more sophisticated systems which have the ability to measure both position and 
orientation directly. The measurement principle for such a system utilizes a CCD-camera [18] to 
analyse the intensity profile of a laser beam, reflected from a single retroreflector mounted on the 
robot’s end effector. From this intensity profile analysis, as explained by Prenninger [19], one can 
uniquely determine the orientation of the robot’s end effector, thus directly determining the 6 DOF 
to completely align the robot. Nowadays, the accuracy of such laser systems can be up to 8μm [20], 
which is higher than what is required for most robot manipulators, which have a typical repeatability 
of 0.05mm [21]. This high degree of accuracy however comes at a considerable cost. For example, 
including software training, the FARO Vantage Laser Tracker may cost up to £85,000. 
A slightly less common method of robot alignment involves the use of one or more camera sensors 
either fixed to the robot end effector or positioned in the proximity of the robot. In the former case, 
a single camera may be used to observe reference points on a reference object, enabling the relative 
position of the object to be reconstructed using space resection techniques [22]. In the latter case, 
two or more stationary cameras may be used to observe a target mounted on the end effector to 
reconstruct the robot position and orientation using stereo vision. However, the accuracy of this 
approach is dependent on the quality of the device (at considerable cost) and the environment light. 
In addition, in a similar research domain, Kalt[23]  and Du [24] have developed methods to facilitate 
interface between human motions and robotic control system using a variety of sensor fusions. While 
these researches are not completely relevant to this article, the computational approaches proposed 
by them are found to be in line with the methods proposed in this article. 
From this review, it can be seen that a large number of robot alignment systems are commercially 
available, each with its own range of applicability and its own requirements. Prices and required levels 
of expertise vary over a broad spectrum. However, there is a gap in the market for a rapid, affordable, 
and adequately accurate alignment system to suit the needs of small to medium automated 
operations, as illustrated by Figure 1. The proposed alignment solution is envisaged to support the 
small businesses for the targeted gap in the market. The cost of the proposed solution is estimated to 
be between £100 to £300, depending on the quality of the measurement devices. 
 
 
Figure 1: Current solutions to robot alignment are either manual, inaccurate and inefficient, or far too 
expensive with unnecessarily high accuracy. 
3. Alignment in automation systems 
An automation system may consist of many components including robotic arms, measurement 
devices, conveyors, vision systems, and movable tables. While each component may have a high level 
of precision in respect to their own static dimensions and dynamic motions, the geometrical 
relationship between the components will have a critical role in the accuracy of the overall automation 
system. Therefore, the alignment concept discussed here is at a system level as a whole and not at 
device level. Nonetheless, the article is focused on the alignment of robotic arms in relation with the 
other components such as a workspace. 
Theoretically, the position and orientation of a body in space can be obtained by attaching a 
coordinate system (or frame) rigidly to the body, and then describing the position and orientation of 
that frame with respect to a reference coordinate system. A typical robot controller defines four right 
handed Cartesian coordinate systems [25][26] as illustrated by Figure 2. 
 
 
Figure 2: An overview of the robot coordinate systems 
The ROBROOT coordinate system is located at the base of the robot and describes the relative position 
and orientation of the robot. If the translations in positive direction are 𝑥𝑥, 𝑦𝑦, 𝑧𝑧 and rotations around 
the three axes are 𝐴𝐴, 𝐵𝐵, 𝐶𝐶 using conventional homogenous transform matrixes any point from one 
frame (e.g. a displaced coordination) can be mapped to the other frame (e.g. a fully aligned 
coordination), as shown by Figure 2.  Accordingly, three matrixes can describe the relationships 
between the ROBROOT, initial WORLD (i.e. perfect aligned system) and actual WORLD (i.e. misaligned 
or displaced) coordinate systems, namely   𝑇𝑇𝑅𝑅𝐷𝐷  , 𝑇𝑇𝑅𝑅𝐴𝐴  𝑎𝑎𝑎𝑎𝑎𝑎 𝑇𝑇𝐷𝐷𝐴𝐴 . 
𝑇𝑇𝐷𝐷
𝐴𝐴  ∈ 𝑅𝑅4𝑥𝑥4 denotes the homogeneous transformation matrix mapping the initial (aligned) WORLD 
frame to the actual displaced WORLD frame. It can then be said that the target problem is to solve the 
homogenous transform 𝑇𝑇𝑅𝑅𝐷𝐷  in order to extract the real  𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝐴𝐴, 𝐵𝐵, 𝐶𝐶  values that enable the robot 
controller to redefine the offset between the ROBROOT coordinate system and actual WORLD 
coordinate system (i.e. misalignment between the two systems). The offset values can be then 
automatically fed into the robot controller to accommodate such unavoidable geometrical 
misalignments between the robot and a system. 
3.1. Proposed alignment solution 
A number of high precision and high cost methods of alignment were reviewed and it was concluded 
that the majority of the smaller users (e.g. SMEs) require a low cost semi-automated method with a 
sufficient precision level.  
The novel 6 DoF robotic alignment method proposed by the authors is illustrated by Figure 3. The 
proposed method consists of a measurement disk comprising three dial indicators and a calibration 
cube. The measurement disk with a defined dimensions would be mounted on a robot arm at a 
coordination pre-programmed and known to the robot. The calibration cube will be placed and fixed 
on a workspace, such as a table or a fixture, where the robot has to be aligned to. The calibration cube 
would have surface quality in range of 0.8 to 1μm roughness average to minimise the interference 
with the measurement process. 
Assuming initially that the robot is in full alignment with the workspace, the robot is programmed to 
move to the theoretical position at the corner of the cube, where the centre of the robot 6th axis 
passes through the corner and the centre of the cube (i.e. vector 𝑉𝑉 in the figure) and the dial indicators 
touch the cube surface from three directions. The measurement disk then will rotate slightly to the 
left and then to the right by the robot to generate 6 values produced by the contraction or extension 
of the dial indicators. A 2-degree rotation was found practical for this experiment. This is due to a 
number of variables. Theoretically, any small rotation value should be adequate to complete the 
calculations. However, the rotation value is also limited with the physical constraints. These include 
the minimum value measureable with the dial indicators, the surface quality of the cube, and the 
increase in the risk of deflection of the measurement probes at larger rotation values. 
Those observed 6 values from the indicators will then be used to specify the misalignment between 
the robot and the calibration cube (or the workspace) at six degree of freedom. Clearly, in a perfect 
aligned situation, the 2 sets of extracted values from the indicators should be identical. However, in a 
misaligned or displaced system, the difference between the 2 sets of values can theoretically 
determine the misalignments at 6 degrees of freedom, within an acceptable margin of error for the 
targeted application domain. 
The novelty of the proposed approach is in its simplicity in physical design, which is supported by 
complex real-time mathematical calculations, embedded into the physical system. The approximation 
methods used in the proposed method enables instantaneous calculation of the misalignment values 
by maintaining a level of mathematical accuracy compatible with the physical precision of an industrial 
robot. Using digital indicators (with automatic data reading mechanism), the system can be integrated 
to a robot controller to rapidly offset the robot reference coordination based on the calculated values 
at real-time. The process could be repeated until the calculated misalignment between the two 
systems reduces to an acceptable threshold.   
 
 
Figure 3: Proposed semi-automated robotic alignment method 
Initially, an algorithm was developed to solve the forward problem of computing the coordinates of 
the indicators’ contact points with the cube surface at both perfectly aligned position and a known 
displaced position. This is used to verify the following algorithm that will actually be used during the 
alignment process.  
This algorithm calculates coordination of the contact points for both ɸ and -2ɸ degrees rotation of 
the measurement disk. The accuracy of the algorithm was validated through a series of laboratory 
measurements. The calibration cube was initially located on a flat surface of a CMM measurement 
machine (LK Metrology – LK Ultra 10.7.6) and the theoretical contact points of the dial indicators 
(Mitutoyo 2330S-10) were marked on the cube and measured for an aligned position of the cube. 
Then the cube was displaced by know amount of translations and rotations and the new position of 
the contact point were measured again and compared with the results of the algorithm. This method 
was used as a proof-of-concept for assessing the accuracy of the algorithm for the proposed forward 
model. 
Subsequently, a second algorithm was developed to reverse the forward model and calculate the 
displacement values based on the indicators’ contact points with the cube. However, for the inverse 
model, numerical methods had to be used, due to the number of unknown variables, to estimate the 
displacement values based on the comparison between contact points at ɸ and -2ɸ degrees.  The 
inverse model was validated in two ways. Firstly using the forwards model within an acceptable margin 
of error, and secondly, by testing at a shop floor rig and offsetting a robot coordinate based on the 
values from inverse model. 
 
4. Determining the misalignments at 6 DoF 
Forward and inverse solutions[15], [27] were considered to determine the misalignment values by 
using the notion of cause and effect. The forward problems predict the unknown effects of known 
causes by the use of derived effect prediction models. For instance, the misalignment between a robot 
and the cube will cause changes in dial indicators. The inverse problems however, aim to find the 
unknown cause of a measured effect, such as finding the misalignment values 𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝐴𝐴, 𝐵𝐵, 𝐶𝐶 based on 
the readings obtained from the dial indicators. In the proposed approach, the observed displacements 
of the digital indicators infer the physical transformation and rotational parameters that caused this 
displacement effect. Inverse problems are generally more difficult to solve than their associated 
forward problem and in some cases, impossible due to the number of unknown variables. In these 
cases, approximation methods could be deployed. 
The comparison between a theoretical perfect aligned system and the actual displaced system gives 
the transform 𝑇𝑇𝐷𝐷𝐴𝐴  between the actual and perfect coordinates (in WORLD coordinate) and the actual 
displaced coordinate, from which one can determine 𝑇𝑇𝐷𝐷𝐴𝐴  through the relationship given by Equation 
1. Using this equation, one can determine the 6 coordinate values of 𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝐴𝐴, 𝐵𝐵, 𝐶𝐶 needed to define 
the offset between the ROBROOT and the WORLD coordinate systems. 
 
𝑻𝑻𝑹𝑹
𝑨𝑨 𝑻𝑻𝑹𝑹
 𝑫𝑫 -1  =  𝑻𝑻𝑫𝑫𝑨𝑨       Equation 1 
Six measurements will be needed to determine the coordination of the cube at 6 DOF.Therefore the 
measurement disk will undergo two rotations in order to obtain two sets of three measurements. This 
mathematical problem falls into a “determined” problem by the number of unknowns/degrees of 
freedom in the problem and the number of constraints/equations. At least six constraints are 
necessary to remove each of 6 degrees of freedom. The six measurements lead to the six equations 
necessary to constrain the problem fully. 
Consider the calibration cube shown by Figure 4, with edge length of 2L , has its centre at point D(0,0,0) with respect to its own reference frame, and has faces perpendicular to the coordinate axes. 
It is in the perfectly aligned position Palign  such that the displaced WORLD frame D coincides with the 
initial WORLD frame W. Three high precision dial indicators, attached to the measurement disk, are 
mounted on the tool centre point of the robot arm, which has the ability to rotate its tool centre point 
to both directions around the 𝑣𝑣 vector. 
 
 
Figure 4: Measuring the misalignment on displaced cube 
The robot arm is positioned in a manner such that the robot tool centre point is at the corner of the 
cube and its axis of rotation coinciding with the axis 𝑉𝑉 that passes through the point A(L,L,L) and the 
origin D(0,0,0). At such a position, the indicators touch each face meeting at the corner 𝐴𝐴. The 
measurement disk is designed so that each indicator is aligned to measure displacement in a direction 
such that their lines of action intersect at a point, somewhere along the axis 𝑽𝑽, and intersect the 
diagonals running into the corner, along the relevant faces. 
The tool centre point is then rotated through an angle ɸ around vector V to give the initial measuring 
position P1. Three measurements are obtained before the tool centre point is rotated again by -2ɸ to 
give a second measuring position P2.  
This rotation permits 6 indicator measurements of 𝑀𝑀𝑥𝑥𝑥𝑥1𝐴𝐴 , 𝑀𝑀𝑥𝑥𝑥𝑥2𝐴𝐴  , 𝑀𝑀𝑧𝑧𝑥𝑥1𝐴𝐴 , 𝑀𝑀𝑧𝑧𝑥𝑥2𝐴𝐴 , 𝑀𝑀𝑥𝑥𝑧𝑧1𝐴𝐴 , 𝑀𝑀𝑥𝑥𝑧𝑧2𝐴𝐴  to be taken 
with three measuring probs.  𝑀𝑀𝑥𝑥𝑥𝑥𝑥𝑥𝐴𝐴  indicates the measurements for a perfectly aligned coordinate, 
which robot was programmed to move to, and 𝑀𝑀𝑥𝑥𝑥𝑥𝑥𝑥𝐷𝐷 denotes the measurement taken from the dial at 
a the assumed displaced position. 
From the definition given earlier, the forward model calculates the effect of a known displacement of 
the cube.  The displacement of the three indicators at both left and right rotations can be calculated 
from a knowledge of the physical parameters of the system, i.e. the three rotations and the three 
translations. The six indicator displacements can then be defined by 
⧍𝑀𝑀𝑥𝑥𝑥𝑥1, ⧍𝑀𝑀𝑥𝑥𝑥𝑥2, ⧍𝑀𝑀𝑧𝑧𝑥𝑥1, ⧍𝑀𝑀𝑧𝑧𝑥𝑥2, ⧍𝑀𝑀𝑥𝑥𝑧𝑧1, ⧍𝑀𝑀𝑥𝑥𝑧𝑧2 ,determined by Equation 2. 
 
⧍𝑴𝑴𝒙𝒙𝒙𝒙𝒙𝒙 = � 𝑨𝑨𝑷𝑷𝒙𝒙𝒙𝒙𝒙𝒙𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂  −   𝑨𝑨𝑷𝑷𝒙𝒙𝒙𝒙𝒙𝒙𝒅𝒅𝒂𝒂𝒅𝒅𝒅𝒅𝒂𝒂𝒂𝒂𝒅𝒅𝒅𝒅𝒅𝒅 � 
⧍𝑴𝑴𝒙𝒙𝒙𝒙𝒙𝒙 = � 𝑨𝑨𝑷𝑷𝒙𝒙𝒙𝒙𝒙𝒙𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂  −   𝑨𝑨𝑷𝑷𝒙𝒙𝒙𝒙𝒙𝒙𝒅𝒅𝒂𝒂𝒅𝒅𝒅𝒅𝒂𝒂𝒂𝒂𝒅𝒅𝒅𝒅𝒅𝒅 �   Equation 2  
 
⧍𝑀𝑀𝑥𝑥𝑥𝑥1 and ⧍𝑀𝑀𝑥𝑥𝑥𝑥2 indicate the difference between the observed values of one dial indicator on one 
face, where  𝐴𝐴𝑃𝑃𝑥𝑥𝑥𝑥𝑥𝑥𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑥𝑥 is the coordinate position of the intersection of dial indicator 1 on face 𝑥𝑥𝑦𝑦, when 
the cube is in perfectly aligned position. 
To solve the above forward problem, the points of intersection between each indicator and its 
respective surface in the aligned and disturbed positions must be evaluated by determining the Line-
Plane intersection equation.  A general point on a line is given by Equation 3. 
 
𝒂𝒂 =  𝒂𝒂𝒂𝒂 +   ( 𝒂𝒂𝒃𝒃 −  𝒂𝒂𝒂𝒂) 𝒕𝒕 ,             𝒕𝒕 ∈ 𝑹𝑹      Equation 3 
 Where  𝑙𝑙𝑎𝑎 = (𝑥𝑥𝑎𝑎 , 𝑦𝑦𝑎𝑎 , 𝑧𝑧𝑎𝑎) and 𝑙𝑙𝑏𝑏 = (𝑥𝑥𝑏𝑏 , 𝑦𝑦𝑏𝑏 , 𝑧𝑧𝑏𝑏)  are two distinct points along a line, as shown by Figure 
5. 
 
Figure 5: Intersection of a line and a plane 
 
Similarly a general point on a plane is given by Equation 4, 
 
𝒅𝒅 =  𝒅𝒅𝟎𝟎 + ( 𝒅𝒅𝒙𝒙 - 𝒅𝒅𝟎𝟎 )𝒖𝒖 +   (𝒅𝒅𝒙𝒙 −  𝒅𝒅𝟎𝟎)𝒗𝒗   ,        𝒖𝒖, 𝒗𝒗 ∈ 𝑹𝑹      Equation 4 
 
Where  𝑝𝑝𝑘𝑘 = (𝑥𝑥𝑘𝑘 , 𝑦𝑦𝑘𝑘 , 𝑧𝑧𝑘𝑘) ,       k= 0,1,2  are three points on the plane, which are not collinear.  
The point at which the line intersects the plane is therefore described by setting the point on the line 
equal to the point on the plane, giving the parametric Equation 5 : 
 
𝒂𝒂𝒂𝒂 − 𝒅𝒅𝟎𝟎 = (𝒂𝒂𝒂𝒂 −  𝒂𝒂𝒃𝒃)𝒕𝒕 + �𝒅𝒅𝒙𝒙 −  𝒅𝒅𝟎𝟎�𝒖𝒖 + �𝒅𝒅𝒙𝒙 −  𝒅𝒅𝟎𝟎�𝒗𝒗    Equation 5 
Which can be expressed in matrix form as shown by Equation 6 to solve  𝑡𝑡, 𝑢𝑢 and𝑣𝑣. 
 
�
𝒕𝒕
𝒖𝒖
𝒗𝒗
� =   �
𝒙𝒙𝒂𝒂 −  𝒙𝒙𝒃𝒃 𝒙𝒙𝒙𝒙 −  𝒙𝒙𝟎𝟎 𝒙𝒙𝒙𝒙 −  𝒙𝒙𝟎𝟎
𝒙𝒙𝒂𝒂 −  𝒙𝒙𝒃𝒃 𝒙𝒙𝒙𝒙 −  𝒙𝒙𝟎𝟎 𝒙𝒙𝒙𝒙 −  𝒙𝒙𝟎𝟎
𝒛𝒛𝒂𝒂 −  𝒛𝒛𝒃𝒃 𝒛𝒛𝒙𝒙 −  𝒛𝒛𝟎𝟎 𝒛𝒛𝒙𝒙 −  𝒙𝒙𝟎𝟎�
−𝒙𝒙
 �
𝒙𝒙𝒂𝒂 −  𝒙𝒙𝟎𝟎
𝒙𝒙𝒂𝒂 −  𝒙𝒙𝟎𝟎
𝒛𝒛𝒂𝒂 −  𝒛𝒛𝟎𝟎 �   Equation 6 
If the solution satisfies the condition 𝑡𝑡 ∈ [0,1] then the intersection point is on the line between 𝑙𝑙𝑎𝑎 
and 𝑙𝑙𝑏𝑏. If the solution satisfies 𝑢𝑢, 𝑣𝑣 ∈ [0,1], (𝑢𝑢 + 𝑣𝑣) ≤ 1  then the intersection point is in the plane 
inside the triangle spanned by the three points  𝑝𝑝0, 𝑝𝑝1 and 𝑝𝑝2. 
For simplicity, the above equation is changed to Equation 7. 
 �
𝑥𝑥𝑎𝑎 −  𝑥𝑥𝑏𝑏 𝑥𝑥1 −  𝑥𝑥0 𝑥𝑥2 −  𝑥𝑥0
𝑦𝑦𝑎𝑎 −  𝑦𝑦𝑏𝑏 𝑦𝑦1 −  𝑦𝑦0 𝑦𝑦2 −  𝑥𝑥0
𝑧𝑧𝑎𝑎 −  𝑧𝑧𝑏𝑏 𝑧𝑧1 −  𝑧𝑧0 𝑧𝑧2 −  𝑥𝑥0�
−1 =   �𝐴𝐴 𝐵𝐵 𝐶𝐶𝐷𝐷 𝐸𝐸 𝐹𝐹
𝐺𝐺 𝐻𝐻 𝐼𝐼
�
−1
 
 
�
𝑡𝑡
𝑢𝑢
𝑣𝑣
�  =  �
𝐸𝐸𝐼𝐼 − 𝐹𝐹𝐻𝐻 𝐶𝐶𝐻𝐻 − 𝐵𝐵𝐼𝐼 𝐵𝐵𝐹𝐹 − 𝐶𝐶𝐸𝐸
𝐹𝐹𝐺𝐺 − 𝐷𝐷𝐼𝐼 𝐴𝐴𝐼𝐼 − 𝐶𝐶𝐺𝐺 𝐶𝐶𝐷𝐷 − 𝐴𝐴𝐹𝐹
𝐷𝐷𝐻𝐻 − 𝐸𝐸𝐺𝐺 𝐵𝐵𝐺𝐺 − 𝐴𝐴𝐻𝐻 𝐴𝐴𝐸𝐸 − 𝐵𝐵𝐷𝐷
� �
𝑥𝑥𝑎𝑎 −  𝑥𝑥0
𝑦𝑦𝑎𝑎 −  𝑦𝑦0
𝑧𝑧𝑎𝑎 −  𝑧𝑧0 �(𝐴𝐴)(𝐸𝐸𝐼𝐼 − 𝐹𝐹𝐻𝐻) − (𝐵𝐵)(𝐷𝐷𝐼𝐼 − 𝐹𝐹𝐺𝐺) + (𝐶𝐶)(𝐷𝐷𝐻𝐻 − 𝐸𝐸𝐺𝐺) 
 
𝒕𝒕 = (𝑬𝑬𝑬𝑬−𝑭𝑭𝑭𝑭)(𝒙𝒙𝒂𝒂− 𝒙𝒙𝟎𝟎)+(𝑪𝑪𝑭𝑭−𝑩𝑩𝑬𝑬)(𝒙𝒙𝒂𝒂− 𝒙𝒙𝟎𝟎)+(𝑩𝑩𝑭𝑭−𝑪𝑪𝑬𝑬)(𝒛𝒛𝒂𝒂− 𝒛𝒛𝟎𝟎)(𝑨𝑨)(𝑬𝑬𝑬𝑬−𝑭𝑭𝑭𝑭)−(𝑩𝑩)(𝑫𝑫𝑬𝑬−𝑭𝑭𝑭𝑭)+(𝑪𝑪)(𝑫𝑫𝑭𝑭−𝑬𝑬𝑭𝑭)     Equation 7 
 
On substitution of t into Equation 3, we get the point of intersection i of the line containing points 𝑙𝑙𝑎𝑎, 
and 𝑙𝑙𝑏𝑏, and the plane contacting points  𝑝𝑝0, 𝑝𝑝1 and 𝑝𝑝2. 
It follows that two points are needed on each line of action of the six dial indicators. Due to the 
geometry of the measurement disk, all indicator lines of action intersect at a common coordinate that 
lies arbitrarily along the axis 𝑉𝑉, which has a direction vector of  𝑉𝑉�⃑ =  𝚤𝚤 +  𝚥𝚥 + 𝐾𝐾�⃑  . 
Furthermore, each line intersects the circumference of a circle of radius 𝑟𝑟, perpendicular to and 
centred around the axis 𝑉𝑉. The second point required for each line can thus be described by the 
equation for this circle, as illustrated by Figure 6. 
 
 
Figure 6 : The lines of intersections before and after rotation of the measurement disk 
Assuming 𝑎𝑎 � , 𝑏𝑏� 𝑎𝑎𝑎𝑎𝑎𝑎 ?⃑?𝑣 are orthogonal vectors and point �𝑐𝑐1𝑐𝑐2
𝑐𝑐3
� is any point along the axis 𝑉𝑉�⃑ , about 
which we wish to sketch the circle of radius 𝑟𝑟, then any point on the circle can be specified by the 
parametric Equation 8. 
 
𝑥𝑥(𝜃𝜃) =  𝑐𝑐1 + 𝑎𝑎1𝑟𝑟 cos 𝜃𝜃 + 𝑏𝑏1𝑟𝑟 sin 𝜃𝜃 
𝑦𝑦(𝜃𝜃) =  𝑐𝑐2 + 𝑎𝑎2𝑟𝑟 cos 𝜃𝜃 + 𝑏𝑏2𝑟𝑟 sin 𝜃𝜃 
𝑧𝑧(𝜃𝜃) =  𝑐𝑐3 + 𝑎𝑎3𝑟𝑟 cos 𝜃𝜃 + 𝑏𝑏3𝑟𝑟 sin 𝜃𝜃 
𝟎𝟎 ≤ 𝜽𝜽 ≤ 𝒙𝒙𝟐𝟐     Equation 8 
We further require to determine the planes that the dial indicators are intersecting with. Three non-
collinear points are required for each 𝑥𝑥𝑦𝑦 , 𝑧𝑧𝑦𝑦, 𝑎𝑎𝑎𝑎𝑎𝑎 𝑥𝑥𝑧𝑧 planes, considering points 𝑃𝑃1, 𝑃𝑃2, 𝑃𝑃3, 𝑃𝑃4 (see 
Figure 6) and 𝑙𝑙 as the line between the circle and the centre of the cube. 
When the cube is in a perfect aligned position (i.e. reference𝐴𝐴), the points are determined by Equation 
9. 
 
 𝑨𝑨𝑷𝑷𝒙𝒙𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂 =  �𝑳𝑳𝒙𝒙𝑳𝑳𝒙𝒙
𝑳𝑳𝒛𝒛
� ,  𝑨𝑨𝑷𝑷𝒙𝒙𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂 =  � 𝑳𝑳𝒙𝒙−𝑳𝑳𝒙𝒙
𝑳𝑳𝒛𝒛
� ,  𝑨𝑨𝑷𝑷𝟑𝟑𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂 =  �−𝑳𝑳𝒙𝒙𝑳𝑳𝒙𝒙
𝑳𝑳𝒛𝒛
� ,  𝑨𝑨𝑷𝑷𝟒𝟒𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂 =  � 𝑳𝑳𝒙𝒙𝑳𝑳𝒙𝒙
−𝑳𝑳𝒛𝒛
�    Equation 9 
 
When the cube is in the displaced position  𝑃𝑃𝑑𝑑𝑎𝑎𝑑𝑑𝑑𝑑𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑𝑑𝑑, the coordinates of the four points with respect 
to the aligned position are found by pre-multiplying each point by the homogeneous transformation 
matrix 𝑇𝑇𝐷𝐷𝐴𝐴 . This transforms all points with respect to frame Aligned  (A) to the same points with respect 
to frame Displaced (D), as defined by Equation 10. 
  𝐴𝐴𝑃𝑃𝑥𝑥𝐷𝐷𝑎𝑎𝑑𝑑𝑑𝑑𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑𝑑𝑑 =  𝑇𝑇𝐷𝐷𝐴𝐴     𝐷𝐷𝑃𝑃𝑥𝑥𝐷𝐷𝑎𝑎𝑑𝑑𝑑𝑑𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑𝑑𝑑   
 
Where  𝑻𝑻𝑫𝑫𝑨𝑨  =  � 𝑨𝑨𝑹𝑹𝑫𝑫  𝑨𝑨𝑷𝑷𝑫𝑫 𝟎𝟎    𝟎𝟎 𝟎𝟎   𝒙𝒙�     Equation 10 
 
Here    𝑊𝑊𝑅𝑅𝐷𝐷  represents the general rotation matrix, which results from rotations about the 𝑥𝑥, 𝑦𝑦, 𝑎𝑎𝑎𝑎𝑎𝑎 𝑧𝑧 
axes of the initial WORLD frame, to re-orientate the perfectly aligned cube to the displaced cube 
orientation.  
The general rotation matrix represents a rotation about 𝑧𝑧 , then 𝑦𝑦 , and then 𝑥𝑥, determined by 
Equation 11. 
  𝑨𝑨𝑹𝑹𝑫𝑫  = 𝑹𝑹𝒙𝒙(𝜸𝜸), 𝑹𝑹𝜸𝜸(𝜷𝜷), 𝑹𝑹𝒛𝒛(𝜶𝜶),  when 
𝑹𝑹𝒙𝒙(𝜸𝜸) = �𝒙𝒙 𝟎𝟎 𝟎𝟎𝟎𝟎 𝑪𝑪𝜸𝜸 −𝑺𝑺𝜸𝜸
𝟎𝟎 𝑺𝑺𝜸𝜸 𝑪𝑪𝜸𝜸
�  , 𝑹𝑹𝒙𝒙(𝜷𝜷) = � 𝑪𝑪𝜷𝜷 𝟎𝟎 𝑺𝑺𝜷𝜷𝟎𝟎 𝒙𝒙 𝟎𝟎
−𝑺𝑺𝜷𝜷 𝟎𝟎 𝑪𝑪𝜷𝜷
�,  𝑹𝑹𝒛𝒛(𝜶𝜶) = �𝑪𝑪𝜶𝜶 −𝑺𝑺𝜶𝜶 𝟎𝟎𝑺𝑺𝜶𝜶 𝑪𝑪𝜶𝜶 𝟎𝟎
𝟎𝟎 𝟎𝟎 𝒙𝒙
� 
 𝑨𝑨𝑷𝑷𝑫𝑫𝑫𝑫𝒂𝒂𝒅𝒅𝒅𝒅𝒂𝒂𝒂𝒂𝒅𝒅𝒅𝒅𝒅𝒅  =  �𝒙𝒙𝒙𝒙
𝒛𝒛
�      Equation 11 
 𝐴𝐴𝑃𝑃𝐷𝐷  represents the position vector to the origin of the displaced frame with respect to the initial 
WORLD frame 𝐴𝐴. It is essentially the 𝑥𝑥, 𝑦𝑦, 𝑧𝑧 translation needed to move the centre of the aligned cube 
to the centre of the displaced cube. 
Points of intersection of each dial indicator with each of the 3 planes can now be evaluated by 
specifying six points before and six points after rotating the measurement disk.  
The points are calculated for each plane, which are 12 points in total. For instance, the points of 
intersection on plane 𝑥𝑥y are   𝐴𝐴𝑖𝑖𝑥𝑥𝑥𝑥1𝐴𝐴𝑎𝑎𝑎𝑎𝑎𝑎𝑥𝑥  ,   𝐴𝐴𝑖𝑖𝑥𝑥𝑥𝑥1𝐷𝐷𝑎𝑎𝑑𝑑𝑑𝑑𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑𝑑𝑑  ,  𝐴𝐴𝑖𝑖𝑥𝑥𝑥𝑥2𝐴𝐴𝑎𝑎𝑎𝑎𝑎𝑎𝑥𝑥  ,   𝐴𝐴𝑖𝑖𝑥𝑥𝑥𝑥2𝐷𝐷𝑎𝑎𝑑𝑑𝑑𝑑𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑𝑑𝑑 . 
Using the intersection points, the proposed forward model was developed in RStudio† [28] to predict 
the misplacement of the contact points (i.e. the readings from the dial indicators).  
                                                          
† RStudio is a free and open-source integrated development environment (IDE) for R, a programming language 
for statistical computing and graphics[28]. 
In this program, the user inputs five geometrical constants including: half cube length 𝑙𝑙, circle radius 𝑟𝑟, 
centre of circle, offset angle  𝑝𝑝ℎ𝑖𝑖, and point of indicator line-of-action intersection.  In addition, 6 
displacement variables (𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝛼𝛼, 𝛽𝛽, 𝛾𝛾) are introduced, which constrain the cube in six degrees of 
freedom. The programme therefore calculates the displacement of the dials’ contact points with the 
cube surface.  
The plotting feature of the RStudio was used to plotting a 3D diagram of the model shown in Figure 6, 
using the function 𝑝𝑝𝑙𝑙𝑝𝑝𝑡𝑡𝑉𝑉𝑝𝑝𝑟𝑟𝑖𝑖𝑝𝑝𝑦𝑦 <- function (𝑙𝑙,𝑟𝑟𝑎𝑎𝑎𝑎𝑖𝑖𝑢𝑢𝑟𝑟,𝑐𝑐𝑝𝑝𝑎𝑎𝑡𝑡𝑟𝑟𝑝𝑝,𝑝𝑝ℎ𝑖𝑖,𝑃𝑃𝑟𝑟𝑝𝑝𝑏𝑏𝑝𝑝,𝑥𝑥,𝑦𝑦,𝑧𝑧,,,ƴ). 
4.1. Validating the forward model 
In addition to the graphical presentation, a laboratory test was carried out to evaluate the algorithms 
used for the forward model. A set of arbitrary geometrical values were given to the algorithm 
according to the geometry of the test rig, as shown by Table 1.   The test rig was simply a titling table 
mounted on a CMM machine, holding the calibration cube at a certain known displaced position. 
Table 1: Geometrical constants used for the evaluation of the forward model 
Half cube length, l  6 
Circle radius, r  7 
Coordinates of centre of circle  8 
Probe offset angle  20 
Coordinate of probe line of action intersection  1 
 
The plotted diagrams are illustrated by Figure 7. A perfectly alighted position was specified by 
parametric values of (0,0,0,0,0,0), and the displaced position was specified by (2,1,3,10,5,15) values. 
 
 
Figure 7: A forward model to calculate the coordinates of the dials’ contact points 
As shown in the figure, the program returns positive displacements for each probe at displaced 
position, indicating that each probe contracts in length by the specified amount. Furthermore, by 
plotting a line that starts from the circle intersection point and terminates at the calculated 
intersection of the line and plane, it can be seen from visual inspection that the calculated point of 
intersection does in fact lie on the face of the cube. This observation was examined by the 
measurement of the cube in laboratory, which validated the precision of the forward model. 
In this programme a negative number returned value for any displacement indicates that the dial 
indicator in question expands in length. 
4.2. The inverse problem 
A model for solving the above forward problem was derived based on the six evaluations of an explicit 
equation, in which dependant variable 𝑙𝑙𝑥𝑥was expressed explicitly as a function, albeit of a nonlinear 
nature, of the dependant variables 𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝛼𝛼, 𝛽𝛽, 𝛾𝛾. Therefore: 
 
𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝛼𝛼, 𝛽𝛽, 𝛾𝛾  →  �xa −  xb x1 −  x0 x2 −  x0ya −  yb y1 −  y0 y2 −  x0za −  zb z1 −  z0 z2 −  x0�−1 �xa −  x0ya −  y0za −  z0�   =  � tuv�   → 𝑡𝑡(𝑙𝑙𝑏𝑏 − 𝑙𝑙𝑎𝑎) + 𝑙𝑙𝑎𝑎  = 𝑙𝑙𝑥𝑥 
 
𝒂𝒂𝒂𝒂− 𝒂𝒂𝒂𝒂
𝒂𝒂𝒃𝒃− 𝒂𝒂𝒂𝒂 = 𝒕𝒕     →   𝒂𝒂𝒂𝒂  = 𝒇𝒇(𝒙𝒙, 𝒙𝒙, 𝒛𝒛, 𝜶𝜶, 𝜷𝜷, 𝜸𝜸)      Equation 12 
 
As a starting point to the above inverse problem, the reverse of the forward problem was considered. 
With the knowledge of six points of intersection, six values of 𝑡𝑡𝑥𝑥 (n from 1 to 6) are evaluated from 
Equation 12. The substitution of these values into Equation 6 results in a nonlinear system of 6 implicit 
equations as shown by Equation 13 .  
 
𝒕𝒕𝒂𝒂  = 𝒇𝒇(𝒙𝒙, 𝒙𝒙, 𝒛𝒛, 𝜶𝜶, 𝜷𝜷, 𝜸𝜸)      𝒂𝒂  from 1 to 6      Equation 13 
The nonlinearity of this equation arises from the fact that three of the unknowns appear as arguments 
of trigonometric functions. Unlike a linear system, which is analytically solvable and has a unique 
solution, nonlinear systems can have several solutions, and only very simple cases can be solved 
analytically. Therefore, iterative numerical techniques[15], [29], such as the Newton-Raphson 
algorithm [30], [31] were used to solve this problem. These techniques use numerical approximations 
to solve the problems. Unlike a direct method that computes an approximate solution to a problem 
in a finite number of steps, in the iterative method used in this experiment the algorithm terminates 
after a finite number of steps. The numerical approximation was initiated with the values of the 
aligned position of the measurement cube. Our proposed algorithm makes successive approximations 
that converge on the exact solution at infinity. However, it is significantly faster for our required 
accuracy limit, and therefore only a finite number of iterations are required in order to reach a solution 
of sufficient accuracy.  
Using RStudio once again, an algorithm for the proposed Inverse Model was developed to implement 
the method used to return the model parameters 𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝛼𝛼, 𝛽𝛽, 𝛾𝛾  from the observed displacement of 
the dial indicators, i.e.  ∆𝑀𝑀𝑥𝑥𝑥𝑥1, ∆𝑀𝑀𝑥𝑥𝑥𝑥2, ∆𝑀𝑀𝑥𝑥𝑧𝑧1, ∆𝑀𝑀𝑥𝑥𝑧𝑧2, ∆𝑀𝑀𝑧𝑧𝑥𝑥1, ∆𝑀𝑀𝑧𝑧𝑥𝑥2. The proposed algorithm can be 
broken down into three stages. At the first stage, the conversion of the displacement ∆𝑀𝑀𝑥𝑥 to 𝑙𝑙𝑥𝑥  and 
the point of intersection of probe n and the cube in the displaced position are carried out. This 
conversion process is done using the vector addition:     𝑙𝑙𝑥𝑥 =  𝑙𝑙𝑑𝑑  + ∆𝑀𝑀𝑥𝑥 . 𝑢𝑢�  𝑑𝑑→𝑥𝑥   where 𝑙𝑙𝑑𝑑  is the point 
of intersection of probe 𝑎𝑎 and the cube in the perfectly aligned position, and 𝑢𝑢�  𝑑𝑑→𝑥𝑥   is a unit vector 
in the same direction as the line of action of probe n, in the sense of 𝑙𝑙𝑑𝑑  to  𝑙𝑙𝑥𝑥  . At the following stage,  
𝑡𝑡𝑥𝑥 is evaluated from Equation 13 , where 𝑙𝑙𝑎𝑎 and 𝑙𝑙𝑏𝑏 are evaluated as in the forward problem. This is a 
point-wise algebraic substitution to evaluate 𝑡𝑡𝑥𝑥, forming the nonlinear system on substitution into 
Equation 12. 
At the final stage, the Newton-Raphson method is used to solve   0 =  𝑝𝑝(𝑡𝑡𝑎𝑎, 𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝛼𝛼, 𝛽𝛽, 𝛾𝛾). 
In this method, to find the roots of nonlinear functions (where 𝑝𝑝(𝑥𝑥) = 0) the convergence is quadratic, 
i.e. the number of accurate digits is roughly doubled after each iteration. Given an initial 
approximation of 𝑥𝑥0 , successive iterations are computed using Equation 14. 
 
𝒙𝒙𝒂𝒂+𝒙𝒙 = 𝒙𝒙𝒂𝒂 - 
𝒇𝒇(𝒙𝒙𝒂𝒂)
𝒇𝒇′(𝒙𝒙𝒂𝒂)       Equation 14 
For any 𝑝𝑝(𝑥𝑥) for which 𝑝𝑝(∝) = 0,  the Newton’s method will converge under three conditions:  
a) the initial 𝑥𝑥0 should be sufficiently close to the real root ∝,  
b) 𝑝𝑝′(x) ≠ 0;  ∀ 𝑥𝑥 ∈ 𝐼𝐼 , where I is the interval [∝ −𝑟𝑟, ∝ +𝑟𝑟] for some 𝑟𝑟 ≥  |(𝛼𝛼 − 𝑥𝑥0)|,   c) 𝑝𝑝′′(𝑥𝑥𝑥𝑥) is finite, ∀ 𝑥𝑥 ∈ 𝐼𝐼. 
Therefore, by redefining Equation 13  as 𝐹𝐹𝑥𝑥 = 𝑝𝑝(𝑡𝑡𝑥𝑥, 𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝛼𝛼, 𝛽𝛽, 𝛾𝛾), it was found that the values of 𝑡𝑡𝑥𝑥 ,
𝐹𝐹𝑥𝑥 meets second and third conditions, when   𝑥𝑥0, 𝑦𝑦0, 𝑧𝑧0, 𝛼𝛼0, 𝛽𝛽0, 𝛾𝛾0  = 0 are consider at starting point. 
With the six functions defined from Equation 12, the function multiroot of the rootSolve feature in the 
RStudio package was used to estimate the root of the equations to a user specified accuracy, which 
returns the six model parameters (i.e. the displacement values at 6 DoF), given the six indicator 
displacement values. 
5. Validating the inverse model 
To test the accuracy of the inverse model, two methods were used. The forward model was initially 
used to evaluate the inverse model for known displacement values. The displacement values of the 
digital indicators were predicted using the forward model. These predictions are then used as input 
arguments for the inverse model, which should in theory return the same model parameters used as 
the input arguments in the forward model. Table 2 shows the result of two series of tests between 
the forward and inverse models. 
 
Table 2: Test results for 2 degrees rotation of the disk 
Forward Model Inverse Model 
Input Values Calculated Values Input Values Calculated Values 
Test  (1) 
𝒙𝒙 -1.783 ∆𝑥𝑥𝑦𝑦1 0.356 ∆𝑥𝑥𝑦𝑦1 0.352 𝒙𝒙 -1.784 
𝒙𝒙 1.252 ∆𝑥𝑥𝑦𝑦2 0.805 ∆𝑥𝑥𝑦𝑦2 0.803 𝒙𝒙 1.249 
𝒛𝒛 2.034 ∆𝑥𝑥𝑧𝑧1 2.021 ∆𝑥𝑥𝑧𝑧1 2.020 𝒛𝒛 2.034 
𝛂𝛂 5.676 ∆𝑥𝑥𝑧𝑧2 2.116 ∆𝑥𝑥𝑧𝑧2 2.125 𝛂𝛂 5.676 
𝛃𝛃 21.476 ∆𝑧𝑧𝑦𝑦1 -1.727 ∆𝑧𝑧𝑦𝑦1 -1.731 𝛃𝛃 21.473 
γ -4.914 ∆𝑧𝑧𝑦𝑦2 -1.109 ∆𝑧𝑧𝑦𝑦2 -1.110 γ -4.920 
Test (2) 
𝒙𝒙 -0.056 ∆𝑥𝑥𝑦𝑦1 1.609 ∆𝑥𝑥𝑦𝑦1 1.609 𝒙𝒙 -0.056 
𝒙𝒙 0.345 ∆𝑥𝑥𝑦𝑦2 1.869 ∆𝑥𝑥𝑦𝑦2 1.868 𝒙𝒙 0.346 
𝒛𝒛 1.255 ∆𝑥𝑥𝑧𝑧1 0.293 ∆𝑥𝑥𝑧𝑧1 0.293 𝒛𝒛 1.257 
𝛂𝛂 3.039 ∆𝑥𝑥𝑧𝑧2 0.554 ∆𝑥𝑥𝑧𝑧2 0.554 𝛂𝛂 3.039 
𝛃𝛃 1.09 ∆𝑧𝑧𝑦𝑦1 -0.227 ∆𝑧𝑧𝑦𝑦1 -0.226 𝛃𝛃 1.092 
γ 6.003 ∆𝑧𝑧𝑦𝑦2 -0.126 ∆𝑧𝑧𝑦𝑦2 -0.125 γ 6.010    ∆𝑥𝑥𝑦𝑦 = contraction or extension of the dial indicators 
Calculated values are rounded up to 4 decimal places 
 
As illustrated by Table 2 at the highlighted row in test 1 for example, for a defined configuration on 
the rig, the 𝑧𝑧 value of a known misalignment was measured at 2.034 mm, which according to the 
forward model, would generate a 2.0203506mm extension on the dial indicator at the 𝑥𝑥𝑧𝑧 plane. This 
value was also tested by the inverse model and the 𝑧𝑧 value was calculated as 2.034424 mm, which it 
is within the acceptable margin of errors. This method was used to assess the reliability of the 
numerical estimations used in the inverse model. 
These two examples however serve only as a proof of method, rather than a validation of practicality. 
Up to this stage, the input design parameters of the models have been arbitrarily chosen based on 
suitability for the laboratory test rig. However, the design limitations imposed by the range and 
precision of the digital indicators should also be considered in this method. For instance, there are 
limitations with the size of work piece that can be sufficiently aligned by the proposed method due to 
the restrictions in measuring range of the digital indicators. In the following sections, the limitations 
and the practical application of the approach are discussed. 
6. Application constraints 
In this exercise, a robot arm (KUKA KR 16-2) was used as the manipulator to which the workpiece is 
intended to be aligned to. This robot has a repeatability of 50𝜇𝜇𝜇𝜇 that indicates the precision of the 
robot capability to move to a defined position repeatedly. Hence, it is necessary to require every point 
on the workpiece to be within of its position in the CAD model used for the programming. Therefore, 
it can be said that the Inverse model must specify translations accurate to at least this value. More 
thought however must be made with regard to the angular accuracy that must also be specified. 
The typical probe indicators applicable for this application domain have the ability to measure 
displacements to a precision of 1𝜇𝜇𝜇𝜇 theoretically (in practice, this value may change based on the 
environment and the quality of equipment). Since this is 1
50
𝑡𝑡ℎ of the manipulator’s repeatability range, 
it can be shown that the alignment cube can be up to 1
50
𝑡𝑡ℎ of the size of the workpeice which is to be 
aligned, as shown in Figure 8. 
However, there is in fact a limit to the size of the alignment cube that can be sufficiently aligned. 
Assuming a simplified case of rotational misalignment limited only to the 𝑧𝑧 axis, and translational 
misalignment limited only to the θ axis, as a misalignment scenario. It has previously been mentioned 
that the maximum expected translational misalignment is 3𝜇𝜇𝜇𝜇 and the maximum expected rotational 
misalignment is 5°. If an indicator is positioned a distance 𝑥𝑥 from the centre of rotation with its line of 
action perpendicular to the face in the aligned position it can be said that the indicator must have a 
minimum measuring range of 𝑅𝑅 mm as defined by Equation 15. 
 
 
Figure 8: Specifying the size of the measurement equipment 
 
𝑹𝑹 ≥ 𝒙𝒙�𝟑𝟑𝟑𝟑𝟑𝟑 + 𝒙𝒙𝒕𝒕𝒂𝒂𝒂𝒂(𝟓𝟓°)�     →      𝒙𝒙 ≤  (𝑹𝑹𝒙𝒙−𝟑𝟑)
𝒕𝒕𝒂𝒂𝒂𝒂(𝟓𝟓)   Equation 15 
The proposed assumption for a 2DoF misalignment scenario provides an indication on how complex 
the calculation would be for a 6 DoF, if it was to be solved analytically. To simplify the problem, the 
data obtained from the forward model was analysed under various extreme misalignment scenarios 
and it was found that the indicators must be placed no more than 108mm from the centre of the cube 
of 120mm of dimension and a minimum of 24 mm extension to the dial indicator is required. 
In addition, the value of rotation is constrained by the application issues such as the robot, indicator 
dials, and the minimum readable values from the dials. Through experiments value of ±2° was found 
appropriate for the rotation. 
7. Application experiments 
To evaluate the accuracy of the proposed approach a set of experiments on the robot were carried 
out to identify the precision of the inverse model proposed. A calibration cube of 120 mm in dimension 
was used on a workspace with the robot equipped with the measurement disk with the three 
indicators. The dimensional error of the cube was considered negligible following a laboratory 
measurement, and the initial state of the system was reset to zero values to be considered as the 
perfect aligned position. A very large number of experiments were carried out with combination of 
intended misalignments values at each 6 degrees of freedom. In these experiments, the misalignment 
values of -3mm, 0, and 3mm were imposed to the linear axes (i.e. 𝑥𝑥, 𝑦𝑦, 𝑧𝑧) and rotational values of -5, 
0, 5 degrees were applied to the 𝛼𝛼, 𝛽𝛽, and 𝛾𝛾 axes. In total 729 tests were carried out to provide a 
reliable average of model accuracy. Three combinations of the maximum translational and rotational 
errors (i.e. 3mm and 5°) are illustrated by Table 3 (e.g. in the test no 1, the misalignment values  of 
𝑥𝑥 = −3, 𝑦𝑦 = 3, 𝑧𝑧 = −3, 𝛼𝛼 = 5, 𝛽𝛽 = −5, 𝛾𝛾 = −5 were applied to the measurement cube). The robot was 
programmed to move to the assumed perfect aligned position of the cube within the workspace and 
after contacting the dials with the cube, robot rotated 2 degrees to the both directions. The third 
column of the Table 3 indicates the values calculated by the inverse model after inputting the 6 dial 
indicator readings observed. The results of three tests are illustrated by the table that indicate   an 
accuracy of 0.003 mm for the translational misalignment and 0.002° for the rotational misalignment. 
These values are confidently within the 0.05 mm repeatability range of the robot.   
Based on the test configuration and the results, it is calculated that a workpiece of up to 1.7 m length 
can be aligned within the acceptable range of 0.01 mm for a typical automation system. 
 
Table 3: Evaluating the precision of the proposed system on a robot 
 
 
However, the values 𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝛼𝛼, 𝛽𝛽, 𝑎𝑎𝑎𝑎𝑎𝑎 𝛾𝛾 describe the position of the displaced WORLD frame with 
respect to the initial WORLD frame. In the application domain, this values should be mapped to the 
ROBROOT frame (see Figure 2) to complete the calibration process by offsetting the robot reference 
system. The homogeneous transform 𝑇𝑇𝑅𝑅𝐷𝐷 can be determined from Equation 16. 
 
𝑻𝑻𝑹𝑹
𝑨𝑨 𝑻𝑻𝑫𝑫
 𝑨𝑨 -1  =  𝑻𝑻𝑹𝑹𝑫𝑫       Equation 16 
Where 𝑇𝑇𝑅𝑅𝐴𝐴  is determined from the initial offset values, and 𝑇𝑇𝑅𝑅𝐷𝐷  is determined from 𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝛼𝛼, 𝛽𝛽, 𝑎𝑎𝑎𝑎𝑎𝑎 𝛾𝛾. 
Then, it can be shown that 
  𝑫𝑫𝑷𝑷𝑹𝑹   =  �𝒙𝒙𝒙𝒙
𝒛𝒛
�     and    𝑹𝑹𝑹𝑹𝑫𝑫 = 𝑹𝑹(𝑨𝑨, 𝑩𝑩, 𝑪𝑪) =  �𝒓𝒓𝒙𝒙𝒙𝒙 𝒓𝒓𝒙𝒙𝒙𝒙 𝒓𝒓𝒙𝒙𝟑𝟑𝒓𝒓𝒙𝒙𝒙𝒙 𝒓𝒓𝒙𝒙𝒙𝒙 𝒓𝒓𝒙𝒙𝟑𝟑
𝒓𝒓𝟑𝟑𝒙𝒙 𝒓𝒓𝟑𝟑𝒙𝒙 𝒓𝒓𝟑𝟑𝟑𝟑
�    Equation 17 
 
Thus, the 𝑋𝑋, 𝑌𝑌 and 𝑍𝑍 translations can be extracted directly from 𝑇𝑇𝑅𝑅𝐷𝐷   . The offset rotations 𝐴𝐴, 𝐵𝐵, and 
𝐶𝐶, however are determined from 𝑅𝑅𝑅𝑅𝐷𝐷  by implementing a Euler angle extraction, when 𝑅𝑅 (𝐴𝐴, 𝐵𝐵, 𝐶𝐶) first 
performs rotation around  𝑋𝑋, then 𝑌𝑌, and finally 𝑍𝑍. 
A final RStudio script was developed to extract the offset angles from the rotation matrix, and has thus 
been combined with the Inverse model to form a complete cube alignment program.  
A user interface for the algorithms were developed programme to facilitate of the implementation 
process and illustrated Figure 9.  
 
Figure 9: User interface to the inverse model 
This interface was used for the experiments on the robot by manually inputting the values and 
receiving the robot offset needed to accommodate the misalignments values. However, if the digital 
indicators with automatic reading mechanism were used, the programme can be readily integrated 
into the robot input port to directly apply the robot offset to the robot positioning system as illustrated 
by Figure 10. In most windows based robot interfaces (e.g. the one used in this research), the 
computational process can be completed by the robot control unit, eliminating the need for additional 
computational system. 
 
 
Figure 10: Integration of the misalignment offset to the robot controller 
 
 
Conclusion and further work 
In this article, the authors discussed a need for a low-cost high precision method to fully align robotic 
arms in an automation system. The existing methods were reviewed and highlighted that the low-cost 
manual methods are slow and skill-dependent, and high-end solutions provide unnecessarily high 
precision and are typically unaffordable for small manufacturers. A novel method of semi-automated 
alignment process was proposed in this article that allows adequate accuracy for the concerned 
domain of industry, with a very low investment cost. The novelty of the proposed approach is the use 
of simple design, supported by a series of complicated mathematical algorithms and the capability to 
be integrated into a robot control system. 
The proposed method consists of three dial indicators mounted to a robotic arm and a measurement 
cube that locates on the workspace. A mathematical model was developed to calculate the changes 
on the dial indicators, if the cube locates in a known misaligned position. This model was tested using 
a laboratory measurement and was validated. A second algorithm was developed to reverse the first 
model and predict the misalignment parameters at 6 DoF, based on the reading of the dial indicators. 
This model was tested by comparing its results with the first validated model. Further practical 
experiments were carried out on a robot to estimate the accuracy of the second model.  
It was found that the prediction model can estimate the misalignment with up to 0.003 mm and 0.002 
degrees of error in translations and rotations consecutively. The accuracy range generated from this 
research is higher than what is required for this domain of industry. 
Further research is planned to understand fully the influence of the potential deflection of the dial 
indicators and the impact of the initial assumption on the precision of the dials on the final alignment 
accuracy. This is to evaluate the robustness of the approach for a potential deployment in industrial 
domains. For this purpose, more experimental work is arranged to evaluate whether the system 
precision in various industrial set-ups is consistent and reliable as it is in laboratory environment, in 
particular with respect to the position of the cube relative to the workspace. Following this step, focus 
will be placed on the integration of the measured data to the robot control system automatically. This 
is to offset the robot positioning points based on the found misalignment values. Following a 
discussion with an industrial collaborator, the potential for a commercial solution is being considered 
as an add-on software to the existing robot control system.  
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